SCHRODINGER OPERATORS WITH STRONGLY SINGULAR 
POTENTIALS AND DE BRANGES SPACES 
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Abstract. We utilize the theory of de Branges spaces to show that certain 
Schrodinger operators with strongly singular potentials are uniquely deter- 
mined by their associated spectral measure. The results are applied in order 
to obtain a uniqueness theorem for perturbed Bcsscl operators. 



1. Introduction 

We consider Schrodinger operators H (with separate boundary conditions), in- 
duced by the differential expression 

d 2 

on some interval (a, b). Here q is a real- valued, locally integrable function on (a, 6) 
refered to as the potential. In [6] (see also [4], [7]), Kostenko, Sakhnovich and Teschl 
developed a Weyl-Titchmarsh theory for H under the sole hypothesis that there is 
some nontrivial real entire solution 4> of 

—<f){z, x) + q{x)<j){z, x) — z(j)(z, x), x £ (a, b), z G C, 

which lies in L 2 (a, b) near a and satisfies the boundary condition at a if r is in the 
limit-circle case at a. Here, by real entire solution we mean that <j>(-,c) and <fi'(-,c) 
are real entire functions for one (and hence for all) c € (a, b). For such a solution to 
exist it is necessary and sufficient that for some c € (a, b), -ff( ,c) has purely discrete 
spectrum (see [BJ Lemma 2.2]), where -ff( a ,c) is the restriction of H to L 2 (a, c) with 
Dirichlet boundary conditions at c. 

In particular they were able to prove a local Borg-Marchenko uniqueness result 
for their singular Weyl m-function under restrictions on the exponential growth of 
the solution (f>. Their proof follows the simple proof of Bcnnewitz [5] which covers 
the case of regular left endpoints. However, since the spectral measure determines 
the singular Weyl m-function only up to some real entire function, their Borg- 
Marchenko theorem does not immediately yield a uniqueness result for the spectral 
measure. In fact, all one would need is some growth restriction on the difference of 
two singular m-functions with the same spectral measure. This will be done in [3] 
in the case when the spectrum of the operators is assumed to be purely discrete 
and has finite convergence exponent. 

The present paper uses a completely different approach. We utilize de Branges' 
theory of Hilbert spaces of entire functions in order to obtain a uniqueness result 
for the spectral measure. In particular we use de Branges' ordering theorem to 
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conclude that the de Branges spaces associated to Schrodinger operators with the 
same spectral measure are equal. 

In Section [5] we start with a brief review of the theory of de Branges spaces. 
For a detailed discussion we refer to de Branges' book pQ. The following section 
introduces the de Branges spaces associated with a self-adjoint Schrodinger operator 
as above. The core of this section is quiet similar to (TOl Section 3] (see also [TTj ) 
with the sole difference that we do not assume the left endpoint to be regular. 
Section U is devoted to our uniqueness result for the spectral measure. Finally, in 
the last section we apply our result to perturbed Bessel operators. 





F(X) 


/R 


E(X) 



2. de Branges spaces 

An analytic function N in the upper complex half-plane C + is said to be of 
bounded type if it can be written as the quotient of two bounded analytic functions. 
For such a function the number 

ln|iV(iy)| . 
hmsup G [—00,00), 

y->oo y 

is refered to as the mean type of N. 

A de Branges function is an entire function E, which satisfies the estimate 

\E(z)\ > \E(z*)\, zeC+. 

The de Branges space B associated with such a function consists of all entire func- 
tions F such that 

2 

dX < 00, 

and such that F/E and F# / ' E are of bounded type in C + with nonpositive mean 
type. Here F# is the entire function defined by 

F*{z) = F(z*)*, zeC. 

Equipped with the inner product 

Wr \E{X)\ 2 

the vector space B turns into a Hilbert space (see [U Theorem 21]). For each ( € C, 
the point evaluation in £ is a continuous linear functional on B, i.e. 

F(C) = {F,K ((,■)}, F <E B, 

where the reproducing kernel K is given by (see [U Theorem 19]) 

2\{Q* — z) 

Note that though there is a multitude of de Branges functions giving rise to the 
same de Branges space (including norms) , the reproducing kernel K is independent 
of the actual de Branges function. 

Our uniqueness result relies on the ordering theorem of de Branges; [TJ Theo- 
rem 35]. In order to state it let E\, E2 be two de Branges functions and B\, B2 
the corresponding de Branges spaces. 
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Theorem 2.1. Suppose B\, B2 are isometrically embedded in L 2 (R;p), for some 
Borel measure p. If E1/E2 is of bounded type in the upper complex half-plane and 
has no real zeros or singularities, then B\ contains B2 or Bi contains B\ . 

Moreover, we will need the following converse statement. 

Lemma 2.2. If B\ is contained in B2 or B2 is contained in B\, then E1/E2 is of 
bounded type in the upper complex half-plane. 

Proof. Without loss of generality assume B\ is contained in B2 . As a consequence 
of [TJ Theorem 25], there are entire functions Fi, G% G B\ C J3 2 such that 

E 1 (z)=F 1 (z) + zG 1 {z), zeC, 

Now the function 

Eijz) Frjz) G x {z) 
E 2 {z) ~ E 2 (z) +Z E 2 {zY ' 
is of bounded type since both summands are by the definition of i?2- D 

3. SCHRODINGER OPERATORS AND DE BRANGES SPACES 

In this section let (a, b) be some bounded or unbounded interval, q a real- valued, 
locally integrable function on (a, 6) and r the differential expression 

d 2 

on (a, b). By H we denote some associated self-adjoint Schrodinger operator in 
L 2 (a,b) with separate boundary conditions if r is in the limit-circle case at both 
endpoints. Concerning the regularity of the potential q near the endpoint a, we will 
only assume that there is some real entire solution (f> of 

—4>"{z,x)-\-q{x)4>{z,x)=z(j){z 1 x) 1 x £ (a,b), z G C, 

such that for each z £ C, <fi(z, •) is nontrivial, lies in L 2 (a, b) near a and satisfies the 
boundary condition at a if r is in the limit-circle case at a. Here by real entire we 
mean that for some (and hence for all) c £ (a,b), <fr(-,c) and 4>'(-,c) are real entire 
functions. For the proof of our uniqueness result we will need the following simple 
lemma on the asymptotics of the solution (f>. Note that we always use the principal 
square root with branch cut along the negative real axis. 

Lemma 3.1. For each x, x £ (a,b) we have the asymptotics 

feO =6^)^(1 + 0(1)), 
(p[Z, X) 

as \z\ — > 00 along the imaginary axis. 

Proof. For each z £ C let c(z, ■) and s(z, •) be the solutions of (r — z)u — with 
the initial conditions 

c{z, x) = s (z, x) = 1 and c'(z, x) — s(z, x) = 0. 

Now if x > x the claim follows from 

4>(z, x) = 0(z, x) ( c(z, x) + — j ' ~} x) ) , z £ C\M. 
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and the well-known asymptotics of the quotient on the right-hand side (see |13[ 
Lemma 9.19]) and the solutions c and s (see [13l Lemma 9.18]). The case when 
x < x follows by reversing the roles of x and x. □ 

For each c <E (a, 6) we denote by L 2 (a,c) the closed linear subspace of L 2 (a,b) 
consisting of all functions which vanish outside of (a, c). Now as in the case of 
regular left endpoints, one may define the transform of a function / € L 2 (a,c) as 

(3.1) /(*)= / <t>{z,x)f{x)dx, zeC. 



It is a result of [SJ Section 3] that there is some Borel measure p on R such that 
(3.2) [ \f(X)\ 2 dp(X)= [ \f(x)\ 2 dx, feL 2 (a : c), 



for all values c G (a, b). Moreover, this transformation uniquely extends to a unitary 
map from L 2 (a, b) onto i 2 (R; p) and the operator H is mapped onto multiplication 
with the independent variable in L 2 (R;p). Note that p is uniquely determined by 
these properties and hence refered to as the spectral measure of H associated with 
the solution <fi. 

From these results one sees that the transforms of all functions / € L 2 (a,c), 
equipped with the norm inherited from the space L 2 (R; p), form a Hilbert space. 
In order to show that they even form a de Branges space, fix some c € (a, b) and 
consider the entire function 



(3.3) E(z,c) = (f)(z,c)+i(f>'(z,c), z£ 

ig the Lagrange identity and the fac 
ng the same boundary condition at 

E(z,c)E*(C,c) - E(C,c)E#(z,c) 



Using the Lagrange identity and the fact that the Wronskian of two solutions sat- 
isfying the same boundary condition at a (if any) vanishes in a, one gets 



. (t)((,x)*(j)(z,x)dx, (, z e C + . 

Z1 VS z ) Ja 

In particular, taking C, = z this shows that E(-,c) is a de Branges function. More- 
over, note that E(-,c) does not have any real zero A, since otherwise both, 4>(X, c) 
and </>'(A, c) would vanish. By B{c) we denote the de Branges space associated with 
the de Branges function E(-,c), endowed with the inner product 

_ 1 f F(X)G(X)* 1 f F(\)G(Xy FC GB(A 
[F ' G]B ^ -nJ R \E(X,c)\ 2 dX -nJ R 0(A, c) 2 + 0'(A, c) 2 ^ B ^ 

Now using (|2.1j) and a similar calculation as above, one shows that the reproducing 
kernel K(-,-,c) of this space is given by 



(3.4) K(C,z,c)= <XC, x)*<j)(z,x)dx, (, z e C. 

J a 

Theorem 3.2. For each c € (a, b) the transformation f >— > / is unitary from 
L 2 (a,c) onto B{c), in particular 

B{c) = {f \f&L 2 (a,c)}. 

Proof. Fix some Asl and consider the function 

f\(x) = c/)(\,x)l( aiC )(x), xe(a,b). 
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The transform of this function is given by 

f\(z)— / cf>(\, x)(f>(z, x)dx = K (A, z, c), z e C. 

J a 

In particular this shows that the transform lies in B(c). Moreover, we have 

||M| 2 = f \</>(X,x)\ 2 dx=K(X,X > c) = [K(X,;c),K(X,; C )} B{c) = \\K(\,>,c)\\% ic y 
J a 

Hence our transform is an isometry on the linear span D of the functions fx , A £ K. 
But this span is dense in L 2 (a, c) since it contains the eigenfunctions of the operator 
H( a ,c)- Moreover, the linear span of the functions K(X, ■, c), A <E R is dense in B(c). 
Indeed, each F € B{c) such that 

= [F,K(X,-,c)] B{c) =F(X), A e K, 

vanishes identically. Thus our transformation restricted to D extends uniquely 
to a unitary map V from L (a, c) onto B(c). In order to identify V with our 
transformation note that for each fixed z € C, both / n- /(z) and / V'Z(z) are 
continuous on I? (a, c). □ 

As an immediate consequence of Theorem 13.21 and the fact that our transforma- 
tion from (|3.ip extends to a unitary map from L 2 (a,b) onto L 2 (R; p), we get the 
following corollary. 

Corollary 3.3. For each c € (a, &) the de Branges space B[c) is isometrically 
embedded in L 2 (R;p), that is 

f \F(X)\ 2 dp(X) = \\F\\ B{c) , F e B(c). 

Moreover, the linear span of the spaces B{c), c £ (a, b) is dense in L 2 (R; p), i.e. 

(3.5) |J B(c) = L 2 (R-p). 

ce(a,6) 

The following corollary shows that the de Branges spaces B(c), c € (a, b) are 
totally ordered, strictly increasing and continuous in some sense. 

Corollary 3.4. Ifc\, C2 € (a, b) with ci < C2, then B(ci) is isometrically embedded 
in but not equal to B{c2). Moreover, for each c € (a, b) we have 



(3.6) |J B(x)=B(c)= P| B(x). 

Proof. The embedding is clear from Theorem 13.21 and Corollary 13.31 Moreover, 
Theorem 13.21 shows that B(c2) B(c\) is unitarily equivalent to L 2 (c\,C2), hence 
B(ci) is not equal to B(c2). The second claim follows from the similar fact that 



(J L 2 {a,x) = i 2 (a,c) = Q L 2 (a,a;). 

(a,c) (c,fe) 

□ 

Note that the solution cf> is not uniquely determined. Indeed, [51 Corollary 2.3] 
shows that any other solution with the same properties as <f> is given by 

4>(z,x) = e 9 ^(j)(z,x), x £ (a,b), zeC, 
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where g is some real entire function. Furthermore 6, Remark 3.8] shows that the 
corresponding spectral measures are related by 

p = e" 2 V 

In particular they are mutually absolutely continuous. Using Theorem 13.21 it is 
easily seen that for each c £ (a, b), multiplication with the entire function e 9 maps 
B(c) isometrically onto B(c). 

4. A UNIQUENESS RESULT FOR THE SPECTRAL MEASURE 

In this section let q\, q 2 be two real- valued, locally integrable functions on inter- 
vals (oi, bi) respectively (02, bi) and Hi, Hi two associated self-adjoint Schrodinger 
operators with separate boundary conditions. Suppose there are nontrivial real en- 
tire solutions 4>i 7 <f> 2 which are square integrable near the left endpoint and satisfy 
the boundary condition there, if any. As in the previous section we denote with pi, 
pi the corresponding spectral measures, with Ei, Ei the corresponding de Branges 
functions, with Bi, Bi the corresponding de Branges spaces and with K\, Ki the 
corresponding reproducing kernels. 

We say Hi and Hi are equal up to some shift if there is a linear function 77 with 
gradient one, mapping (01, 61) onto (02, bi) such that qi = qiorj and Hi = U H 2 V , 
where U is the unitary map from L 2 (ai,bi) onto L 2 (ai,bi) induced by 77. 

Theorem 4.1. Suppose there is some real entire function g such that 

(4.1) esWfi^il z £ C + , 

E 2 (z,x 2 ) 

is of bounded type for some xi £ (ai, bi) and X2 £ (a 2 , bi). If pi = e~ 2fl ' pi then Hi 
and Hi are equal up to some shift. 

Proof. First of all note that without loss of generality we may assume that g van- 
ishes identically, since otherwise we replace 4>i with e 9 <f>i. Moreover, because of 
Lemma 12.21 the function in (I4.1[) is of bounded type for all xi £ (ai,&i) and 
xi £ (ai,bi). Now fix some arbitrary xi £ (ai,&i). Since for each xi € (02,^2), 
both Bi{xi) and Bi{xi) are isometrically contained in L 2 (R; pi) we infer from The- 
orem [^T] (note that (|4.1[) has no real zeros or singularities because E\(-,xi) and 
Ei(-,xi) do not have real zeros) that Bi(xi) is contained in Bi{xi) or Bi(xi) is 
contained in £?i(a;i). We claim that the infimum n(xi) of all xi € (ai, bi) such that 
Bi(xi) C Bi(xi) lies in (ai,bi). Indeed otherwise we either had Bi(xi) C Bi(xi) 
for all xi g (02,^2) or Bi(xi) C Bi(xi) for all xi £ (ai,bi). In the first case 
this would mean that Bi(xi) is dense in L 2 (R; p), which is not possible in view of 
Corollary 13.41 The second case would imply that for every function F £ Bi(xi) 
and ( £ C we have 

\F(()\ < [F,Ki(C,;Xi)] B2{x2) 

< \\F\\b 2 (x 2 )[Ki{(,-,xi),Ki((,-,xi)} B2{x2) 

= II^Hi3 1 (a ;i )^2(C,C,a;2), 

for each x 2 £ (a 2 , bi). Since K 2 ((, (, x 2 ) — > as x 2 I a 2 by (I3.4p . we had i?i(a;i) = 
{0} contradicting Theorem 13.21 Now from (|3.6|) we infer that 



B 2 (r)(xi))= \J Bi(x 2 ) C Bi{xi) C f| B 2 (x 2 ) = B 2 (r)(xi)), 

x 2 <rj(x 1 ) x 2 >ri(xi) 
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hence B\(xi) = Zfe^xi)), including norms. 

The function rj : (oi, b\) — > (0,2, b 2 ) defined this way is strictly increasing because 
of Corollarv l3.4l and continuous by (|3.6p . Moreover, since for each ( e C 



^2(C,C,^i)) = ^i(C,C,zi)^o, 

as xi 4- a we infer that f?(xi) 4- 0,2 as x\ \.a\. Finally (I3.5|) shows that rj actually has 
to be a bijection. Using the formula for the reproducing kernels (|3.4p once more we 
get for each z £ C 



\4>x(z, x)\ 2 dx = 



b 2 (z, x)\ 2 dx, xi £ (ai,&x)- 



Now by the implicit function theorem 77 is differentiable (note that the integrand 
does not vanish if z £ C\R) with 

(4.2) |0i(z,a;i)| 2 = ?7'(xi)|0 2 (2,?7(a;i))| 2 , xi G (ai, 

Using Lemma 13-11 twice we get for all x%, x\ £ (oi, 61) the asymptotics 



0l(z,Xi 



(f)l(z,Xi 



rf(xi) 



<f> 2 (z,ri(xi)) 



= !^5lL-2(ij(«o-ij(Si))W=i (1 + (i)) 

T7'(Xi) 

as \z\ — > 00 along the imaginary axis. Now this shows 

?7(:El) - T)(Xl) =Xl- Xl, Xl, Xl £ (01,61), 

i.e. 77 is linear with gradient one. 

Using (|4.2p once more, we get for each A £ R 

c/)i(X,xi) 2 = (/) 2 (A,?7(xi)) 2 , xi £ (ai,&i). 

Taking logarithmic derivatives we obtain 

( 4 3 x 0'i(A,xi) = 2 (A, 77(3:1)) 

0i(A,xi) ^2 (A, 77(2:1)) ' 

for almost all x\ £ (a±, bi). Differentiating this equation once more, we get 

fflA,Ei) _ ^(A.^i)) 
0i(A,xi) 02 (A, 77(2:1)) ' 

for almost all X\ £ (ai,6i). Thus also 

/ \ > . 0i'(A,xi) 2 '(A, 77(2:1)) 

91(2:1) = A + —— = A + — — — — - = g 2 (r?(xi)) 

0i(A,xi) 2 (A, 77(2:1)) 

for almost all x\ £ (ai,bi). 

Finally note that (14.31) implies that 0! and 4> 2 V are linearly dependent. In 
particular if n (and hence also T2) is in the I.e. case at the left endpoint this shows 
that the boundary condition of H\ and H2 there is the same. Furthermore, if T\ 
(and hence also 72) is in the I.e. case at the right endpoint, then Hi and H% have 
some common eigenvalue A. Now the fact that 0i(A, •) and 02 (A, •) satisfy the 
respective boundary condition at the right endpoint shows that Hi is equal to H2 
up to some shift. □ 
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Note that even if one fixes the left endpoint, the operator is determined by the 
spectral measure in general only up to some shift. This is due to the fact that 
we allowed the left endpoint to be infinite. Indeed if one takes finite fixed left 
endpoints, the operators are uniquely determined by the spectral measure. 

Corollary 4.2. Suppose that -co < a\ — a 2 and that there is some real entire 
function g such that 

esWS^ifi) z G C + , 

E 2 (Z,X 2 ) 

is of bounded type for some x\ G 61) and x 2 G (^2,^2)- If Pi — c~ 2g p 2 then 
h = b 2 , qi = Q2 and Hi = H 2 . 

Proof. This follows immediately from Theorem 14. II and lim^!^ rj{x\) — a\. □ 

Below we will see that some kind of growth restriction on the solutions </>i and 
<f>2 suffices to guarantee that (I4.1j) is of bounded type. However, note that this 
condition in Theorem 14.11 can not be dropped and some assumption has to be 
imposed on the solutions <pi and <j) 2 . As an example consider the interval (0, 7r), the 
potential q\ = and let H\ be the associated Schrodinger operator with Dirichlet 
boundary conditions. As our real entire solution fix we choose 

, . sin -Jzx , . 

(f>i{z,x) = — — , x G (0,7r), z£L. 

The associated spectral measure p\ is given by 

pi = — 52 n 2 ^, 

nGN 

where S n 2 is the unit Dirac measure in the point n 2 . Now choose some sequence 
K n , n G N of positive reals such that all but finitely many of these numbers are 
equal to one. From the solution of the inverse spectral problem in the regular 
case it is known (see e.g. [8], [9]) that there is some potential q 2 G L 2 (0,7r) and 
a corresponding operator H 2 with Dirichlet boundary conditions such that the 
spectral measure p 2 associated with the real entire solution <j) 2 of 

—<f>2(z,x) + q 2 (x)4> 2 (z , x) = z(j) 2 (z,x), x £ (0,-rr), z G C, 



with initial conditions 



is given by 



(f> 2 {z,0) = and (f>' 2 (z, 0) = 1, 



Pi = - 52 K « n S r, 



Now pick some real entire function g such that 

and switch to the real entire solution 

4> 2 (z,x) = e 9{z) 4> 2 (z,x), xe(0,n), z G C. 

Then the spectral measure associated to this solution is equal to pi , but the corre- 
sponding operators Hi and H 2 are different (at least if not all equal to one) . 
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However, also note that in this case (|4.1j) fails to be of bounded type rather badly, 
since the function e 9 is not even of finite exponential order. 

We conclude this section by showing that condition (|4.ip in Theorem 14 . 1 1 holds if 
the solutions <pi, 02 satisfy some growth condition. Therefore recall that an entire 
function F belongs to the Cartwright class C if it is of finite exponential type and 
the logarithmic integral 

ln+ \F(x)\ 



1 



-dx < oo, 



exists, where ln + is the positive part of the natural logarithm In. In particular note 
that the class C contains all entire functions of exponential order less then one. 
Now a Theorem of Krein (T2J Theorem 6.17], |14[ Section 16.1] states that the class 
C consists of all entire functions which are of bounded type in the upper and in the 
lower complex half-plane. Now since the quotient of two functions of bounded type 
is of bounded type itself, this immediately yields the following uniqueness result. 

Corollary 4.3. Suppose that Ei{-,x\) and -E^G,^) belong to the class C for some 
X\ G (ai,&i) and x-i G (02,62). If pi = P2 then H\ is equal to H2 up to some shift. 

Again as in Corollary 14.21 if one takes finite fixed left endpoints, the operator is 
uniquely determined by the spectral measure. In particular as a special case one 
recovers the classical result due to Marchenko that the spectral measure uniquely 
determines the operator, if the left endpoint is regular. However our result covers a 
larger class of potentials, as we will show in the next section. There we will apply 
our results in order to obtain a uniqueness theorem for perturbed Bessel operators. 

5. Application to perturbed Bessel operators 
Let Zg [— i,oo),0<6<oo and consider the differential expression 

d 2 1(1 + 1) 

on (0,6), where q is some real- valued, locally integrable function on (0,6). We will 
assume that the function 

x\q(x)\, if I > -| 



(5.1) q(x) 



2 ' 

x(l — \nx)\q(x)\, if Z = — i 



2 ' 

is integrable near zero. According to Theorem 2.4], t is in the limit-circle case at 
zero if and only if I G [— |, 5)- Now let H be some associated self-adjoint operator 
with the boundary condition 

(5.2) \imx l ((l + l)f(x)-xf'(x))=0 : 

at zero, if necessary. In [5] Lemma 2.2] it has been shown that there is a nontrivial 
real entire solution <f> of exponential order 1 ji which lies in L 2 (0, 6) near zero and 
satisfies the boundary condition (|5.2p at zero if I G [— |, h). Note that this solution 
is unique up to scalar multiples because of the growth restriction, as it has been 
shown in [5J Lemma 6.4]. The associated spectral measure is denoted by p. 

Now in order to state our uniqueness theorem let h, I2 G [— |,oo), < 61, 
62 < 00 and q\, q2 be two potentials such that the functions q 1} q 2 defined as 
in (|5.1|) are integrable near zero. Furthermore, let H%, H2 be two corresponding 
self-adjoint operators with the boundary condition (|5.2|) at zero, if necessary. By 
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4>i, <$>i we denote some real entire solutions of exponential order x ji which lie in 
L 2 (0, b) near zero and satisfy the boundary condition there, if any. Finally let pi, 
pi be the associated spectral measures. Our uniqueness results from the preceding 
section now yield the following uniqueness theorem. 

Theorem 5.1. // p\ = pi then li = l 2 , hi = hi, qi = q 2 and Hi = H 2 . 

Proof. Since the solutions are of exponential order we may immediately apply 
Corollary 14. 31 and obtain b\ = 62, 

+ , , \ Hh + l) , ( , 

2 = 2 

X X 

for almost all x € (0,&i) and Hi = H 2 . Now since the functions q 1 and q 2 are 
integrable near zero we infer that h(li + 1) = £2(^2 + 1) and hence also li = l 2 . □ 

Acknowledgments. I thank Gerald Teschl for helpful discussions and hints with 
respect to the literature. 
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